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q2 }`bi /2b+`B#2 i?2 +QMbi`m+iBQM Q7 δX :Bp2M � +H�bb
[α] ∈ >M(*′′

•)- H2i α ∈ *′′
M #2 � `2T`2b2Mi�iBp2X q2 +�M }M/ β ∈ *M

T(β) = α.

aBM+2 T(∂β) = ∂(T(β)) = ∂α = 0, r2 }M/ γ ∈ *′
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B(γ) = ∂β.

aBM+2
B(∂(γ)) = ∂(B(γ)) = ∂2(β) = 0 4⇒ ∂(γ) = 0.
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•)X q2 b?Qr i?Bb +H�bb /Q2b MQi

/2T2M/ QM p�`BQmb +?QB+2bX

! *?QB+2 Q7 βX amTTQb2 r2 +?QQb2 �MQi?2` β̃ bm+? i?�i
T(β̃) = αX h?2M i?2`2 2tBbib t ∈ *′

M bm+? i?�i

β̃ = β + B(t).

Ai 7QHHQrb i?�i γ̃ = γ + ∂t- bQ [γ̃] = [γ]X

! *?QB+2 Q7 αX amTTQb2 r2 +?QQb2 �MQi?2` `2T`2b2Mi�iBp2
α̃ = α+ ∂t Q7 i?2 +H�bb [α]X q2 +�M +?QQb2 � HB7iBM;

β̃ = β + ∂v

Q7 α̃ r?2`2 T(v) = tX aBM+2 ∂β̃ = ∂β- r2 ?�p2 γ̃ = γX
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δ[α] = [γ].
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T∗→ · · ·



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

· · · → >M(*′
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B∗→ >M(*•)
T∗→ >M(*′′
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δ→ >M−1(*′
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B∗→ >M−1(*•)

T∗→ · · ·

1t�+iM2bb �i >M(*•)

BK(B∗) ⊂ F2`(T∗) Bb Q#pBQmbX
A7 [α] ∈ >M(*•) bm+? i?�i [T(α)] = 0- bQ T(α) = ∂tX G2i v ∈ *M+1

#2 � HB7iBM; Q7 t bQ T(v) = tX aBM+2 T(α− ∂v) = 0-

α− ∂v = B(β)

7Q` bQK2 β ∈ *′
MX h?2M ∂β = 0 �M/

B∗([β]) = [α]

r?B+? BKTHB2b F2`(T∗) ⊂ BK(B∗)X
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T∗→ · · ·

1t�+iM2bb �i >M−1(*′′
•)

�bbmK2 [α] = T∗[β]- i?2M β Bb � HB7i Q7 α �M/ ∂β = 0X aQ δ[α] = 0X

BK(T∗) ⊂ F2`(δ).

PM i?2 Qi?2` ?�M/- B7 δ[α] = 0X q2 +�M }M/ � HB7i β Q7 α bm+? i?�i
∂β = 0X h?2M [α] = T∗[β]X >2M+2

F2`(δ) ⊂ BK(T∗).
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T∗→ · · ·

1t�+iM2bb �i >M−1(*′
•)

B∗δ([α]) = B∗[γ] = [∂β] = 0X h?Bb b?Qrb

BK δ ⊂ F2` B∗.

�bbmK2 [γ] ∈ >M−1(*′
•) bm+? i?�i B∗[γ] = 0X h?2M B(γ) = ∂β 7Q`

bQK2 βX G2i α = T(β)X h?2M

∂(α) = ∂T(β) = T(∂β) = TB(γ) = 0.

aQ [α] /2}M2b � ?QKQHQ;v +H�bb �M/ δ[α] = [γ] #v +QMbi`m+iBQMX

F2` B∗ ⊂ BK δ.
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a•(�) ↪→ a•(s)X q2 /2}M2 i?2 bBM;mH�` +?�BM +QKTH2t Q7 s
`2H�iBp2 iQ � iQ #2

aM(s,�) := aM(s)/aM(�)

rBi? i?2 BM/m+2/ /Bz2`2MiB�HX Aib ?QKQHQ;v

>M(s,�) := >M(a•(s,�))

Bb +�HH2/ i?2 M@i? `2H�iBp2 ?QKQHQ;vX
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· · · → >M(�) → >M(s) → >M(s,�) δ→ >M−1(�) → · · ·

S`QQ7X
h?Bb 7QHHQrb 7`QK i?2 b?Q`i 2t�+i b2[m2M+2 Q7 +QKTH2t2b

0 → a•(�) → a•(s) → a•(s,�) → 0.
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wM(s,�) = {γ ∈ aM(s) : ∂γ ∈ aM−1(�)}
"M(s,�) = "M(s) + aM(�) ⊂ aM(s).
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>M(s,�) = wM(s,�)/"M(s,�).
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hrQ `2H�iBp2 M@+v+H2b γ1, γ2 /2}M2b i?2 b�K2 +H�bb [γ1] = [γ2] BM
>M(s,�) B7 �M/ QMHv B7 γ1 − γ2 Bb ?QKQHQ;Qmb iQ � +?�BM BM �X

�

β

β

γ1 γ2
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• •

sα

∂α = β + γ1 − γ2, β ∈ a•(�)
4⇒ [γ1] = [γ2] ∈ >M(s,�)

,ࢶ _2H�iBp2 M@+v+H2b
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δ : >M(s,�) → >M−1(�)

+�M #2 mM/2`biQQ/ �b 7QHHQrb, �M M@+v+H2 BM >M(s,�) Bb `2T`2b2Mi2/
#v �M M@+?�BM γ ∈ aM(s) bm+? i?�i Bib #QmM/�`v ∂(γ) HB2b BM �X
oB2rBM; ∂(γ) �b � (M − 1)@+v+H2 BM �- i?2M

δ[γ] = [∂(γ)].
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· · · → >M(�,") → >M(s,") → >M(s,�) δ→ >M−1(�,") → · · · .
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h?Bb 7QHHQrb 7`QK i?2 HQM; 2t�+i b2[m2M+2 �bbQ+B�i2/ iQ

0 → a•(�)
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→ a•(s)
a•(")

→ a•(s)
a•(�)

→ 0.
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h?2Q`2K U>QKQiQTv �tBQK 7Q` S�B`bV
A7 7, ; : (s,�) → (u,") �M/ 7 Bb ?QKQiQTB+ iQ ; `2H �X h?2M

>M(7) = >M(;) : >M(s,�) → >M(u,").
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S`QTQbBiBQM
G2i {sα} #2 T�i? +QMM2+i2/ +QKTQM2Mib Q7 s- i?2M

>M(s) =
⊕

α

>M(sα).

S`QQ7X
h?Bb Bb #2+�mb2

a•(s) =
⊕

α

a•(sα).
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S`QTQbBiBQM
G2i s #2 T�i? +QMM2+i2/X h?2M >0(s) ≃ ZX

S`QQ7X
>0(s) = a0(s)/∂a1(s)X G2i mb /2}M2 i?2 K�T

ϵ : a0(s) → Z,
∑

T∈s
KTT →

∑

T
KT.

ϵ Bb x2`Q QM ∂a1(s)X
PM i?2 Qi?2` ?�M/- �bbmK2 ϵ(

∑
T∈s KTT) = 0- i?2M r2 +�M r`Bi2

∑

T∈s
KTT =

∑

B
(TB − [B)

BMiQ T�B`bX aBM+2 s Bb T�i? +QMM2+i2/- r2 +�M }M/ � T�i? γB : A → s
bm+? i?�i ∂γ = TB − [BX h?2`27Q`2 ∑

T∈s KTT =
∑

B ∂γB ∈ ∂a1(s)X
Ai 7QHHQrb i?�i ϵ BM/m+2b �M BbQKQ`T?BbK ϵ : >0(s) ≃ ZX
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ϵ : >0(s) → Z,
∑

T∈s
KTT →

∑

T
KT.

.2}MBiBQM
q2 /2}M2 i?2 `2/m+2/ ?QKQHQ;v ;`QmT Q7 s #v

>̃M(s) =
{

>M(s) M > 0

F2`(>0(s) → Z) M = 0
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;`QmT Q7 i?2 +?�BM +QKTH2t

· · · → a2(s) → a1(s) → a0(s) → Z.

h?2 HQM; 2t�+i b2[m2M+2 biBHH ?QH/b 7Q` i?2 `2/m+2/ +�b2

· · · → >̃M(�) → >̃M(s) → >M(s,�) δ→ >̃M−1(�) → · · ·
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

1t�KTH2
G2i t0 ∈ s #2 � TQBMiX lbBM; i?2 HQM; 2t�+i b2[m2M+2 7Q`
� = {t0} ⊂ s- r2 }M/

>M(s, t0) = >̃M(s).


